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We present the calculation of theO(α2sCFTF ) massive quark corrections to the soft function for the
double hemisphere jet mass distribution in e+e− collisions, a necessary ingredient for the calculation
of several event shape distributions at N3LL order. The use of the mass as an infrared regulator
allows us to derive the momentum space results for the massless quark structures at O(α2sCFTFnf )
and the gluonic structures at O(α2sCACF ), which have not been given so far in the literature.
Furthermore, we compute the corresponding corrections in the soft function for thrust, the most
prominent projection of the double hemisphere mass distribution. Finally we give expressions for
the corresponding renormalon subtractions in the gap scheme.
I. INTRODUCTION
The theoretical description of event shape distributions
in e+e− collisions has recently seen substantial progress
concerning the treatment of higher-order QCD correc-
tions [1–4], the techniques concerning the summation of
large logarithmic terms [5–10] and the implementation of
schemes that avoid renormalon ambiguities together with
the definition of non-perturbative parameters [11, 12].
These developments have contributed to an improved
theoretical accuracy for the description of event shape
distributions and to precise measurements of QCD pa-
rameters such as the strong coupling [10, 13–15]. An im-
portant development for making higher order corrections
accessible in a systematic way is the framework of Soft-
Collinear Effective Theory (SCET) [16, 17] which makes
it possible to factorize the most singular contributions for
a large class of event shapes in the dijet limit in terms of
a hard current Wilson coefficient, a jet function describ-
ing the collinear radiation and a soft function describing
large-angle soft radiation. Within the SCET framework
it has also become possible to treat coherently the ef-
fects of the production of massive quarks which are the
focus of this work. In e+e−-collisions one can distinguish
two types of heavy quark production mechanisms: pri-
mary, where the heavy quarks are produced directly by
the hard current, and secondary, where massless quarks
are produced by the hard current and the heavy quarks
arise from gluon splitting.
For the production of primary heavy quarks, factor-
ization in the dijet limit for the c.m. energy being much
larger than the mass was discussed in Ref. [18] and re-
sults suitable for a description at NNLL order1 [19] were
provided for the case that the quark mass is of order of
the jet invariant mass. An important conceptual finding
of Ref. [19] was that, as long as only secondary radia-
tion of massless partons is considered, the soft function
1 In this work we use standard SCET counting where NNLL order
refers to the cusp anomalous dimension at O(α3s), the non-cusp
anomalous dimension at O(α2s) and fixed-order matrix element
corrections at O(αs).
remains unchanged with respect to the case of primary
massless quark production in the dijet limit, so that only
the jet function receives non-trivial modifications due to
the heavy quark mass. It was further shown for the same
situation that approaching the heavy quark production
threshold in the collinear sector when the off-shellness is
much smaller than the heavy quark mass, an additional
matching onto boosted versions of Heavy-Quark Effec-
tive Theory (HQET) is required, which does not affect
the soft sector.
For the production of secondary heavy quarks no co-
herent approach of how the quark mass affects factor-
ization has been presented until recently. While it was
known that at LL and NLL order the main effect is re-
lated to the number of active running quark flavors in
the evolution equations for the strong coupling and the
renormalization group factors in the factorization the-
orem [18, 20], the conceptual background of how to go
beyond NLL order, which includes non-trivial matrix ele-
ment corrections and matching conditions was only pro-
vided recently in Ref. [21]. In that work it was shown
that the problem of secondary heavy quark production
is closely related to the problem of massive gauge boson
production in jet observables, because the production of
a heavy quark-antiquark pair off a virtual gluon can be
calculated from a dispersion integral over the gluon in-
variant mass. In addition to the usual collinear and soft
degrees of freedom known for the purely massless case,
the resulting factorization framework requires so-called
mass modes, which are collinear and soft degrees of free-
dom with a common typical invariant mass of the order of
the heavy quark mass. The mass modes are integrated
out when the evolution crosses the heavy quark mass
threshold and allow for a continuous description of the
singular terms from infinitely heavy down to infinites-
imally small masses merging into the known massless
limit. It was also demonstrated in Ref. [21] that when
the mass modes are integrated out the associated match-
ing conditions in the collinear and soft sectors can involve
non-trivial plus-distributions in the respective kinematic
variables.
The above mentioned dispersion method is exact for
cases where the momenta of the produced massive quark
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2and antiquark momenta enter the observable in a coher-
ent manner such as for the calculation of the jet func-
tion or for purely virtual corrections like the ones enter-
ing the hard current Wilson coefficient. On the other
hand, for the soft function, where the two quarks can
enter into different hemispheres and their momenta con-
tribute incoherently due to phase space constraints, the
dispersion method does not lead to the correct finite non-
logarithmic corrections. Thus the O(α2sCFTF ) massive
quark corrections to the soft function have to be de-
termined by a dedicated computation along the lines of
Ref. [22] where the O(α2s) corrections to the soft func-
tion from gluons and massless quarks were determined
by lengthy calculations (see also Ref. [23] for a discus-
sion of non-global logarithms at O(α2s) as well as [24]).
It is the main aim of this paper to present and discuss
the O(α2sCFTF ) massive quark corrections to the double
hemisphere soft function and to outline their calculation.
The results are important for event shapes such as thrust
and the heavy jet mass. We assume for the most part
of this paper that the heavy quark mass is of the order
of the typical soft momenta, so we consider virtual as
well as real corrections due to secondary massive quark
production accounting for the exact analytic threshold
behavior.
An interesting conceptual feature of the result is that
the quark mass serves as a physical infrared regulator
which provides a manifest separation of IR-sensitive and
UV-divergent structures. This separation is less obvi-
ous and more difficult to make manifest for the massless
case when IR and UV divergences are regularized by di-
mensional regularization. Using the O(α2sCFTF ) massive
quark corrections to the soft function and the fact that
the UV-divergences agree with the massless quark case, it
is possible to determine the distributive analytical struc-
ture of the O(α2sCFTFnf ) massless quark corrections to
the momentum space double hemisphere soft function.
Taking these steps as a guideline one can then also de-
duce the momentum space representation for all O(α2s)
corrections. This analytical distributive structure of the
momentum space double hemisphere soft function was
not identified in Refs. [22, 23] and represents an addi-
tional result of this work.
The finite quark mass also provides a physical cut-
off against infrared renormalons that arise for mass-
less quarks in high order corrections and enhance the
sensitivity to small gluon virtuality. In this work we
nevertheless discuss the subtraction of the perturbative
O(ΛQCD) renormalon contributions along the lines of
Refs. [11, 24, 25] for the O(αsCFTF ) massive quark cor-
rections. The knowledge of this subtraction is required in
cases when the quark mass decreases below the scale of
the soft radiation in order to achieve a continuous transi-
tion to the massless approximation which has been used
in many previous analyses. It is also required for the
determination of the matching condition when the R-
evolution in the renormalon-subtracted scheme [12, 26]
for the soft power correction [11, 24, 25] crosses the mass
threshold.
The content of this paper is as follows: In Sec. II we
summarize briefly the SCET factorization theorem for
double hemisphere masses in the dijet region. Since the
computation of the soft hemisphere function involves sev-
eral steps we first give an outline of the method we use in
Sec. III followed by the explicit details of the correspond-
ing phase space calculations given in Secs. IV and V. In
Sec. VI we use our results with massive quarks to de-
rive explicit expressions for the massless limit of the soft
hemisphere function. As an explicit example for an event
shape derived from the hemisphere masses we discuss the
massive thrust soft function in Sec. VII. In Sec. VIII we
present the results for the corresponding renormalon sub-
tractions of the massive soft function, before we conclude
in Sec. IX.
II. FACTORIZATION THEOREM AND SOFT
FUNCTION DEFINITION
We focus on the dijet invariant mass distribution in
e+e− annihilation, where one defines two hemispheres
(left/right) separated by the plane perpendicular to the
thrust axis n. The factorization theorem for the singular
terms in the dijet limit, where the c.m.energy Q is much
larger than the jet masses, accounting only for massless
secondary quarks has the form [18, 19]
1
σ0
d2σ
dM2l dM
2
r
=H(Q,µ2)
∫
dkl dkr Jn(M
2
l −Qkl, µ)
× Jn¯(M2r −Qkr, µ)S(kl, kr, µ) , (1)
where the hemisphere mass Ml (Mr) denotes the in-
variant mass in the left (right) hemisphere. The terms
H(Q,µ), Jn,n¯(s, µ), S(kl, kr, µ) are the hard, jet and soft
functions and all renormalization group factors which
sum large logarithms are implicit. The knowledge of the
double differential distribution allows us to derive the
differential cross sections for several other event shape
variables like thrust via
dσ
dτ
=
∫
dM2l dM
2
r
d2σ
dM2l dM
2
r
δ
(
τ − M
2
l
Q2
− M
2
r
Q2
)
(2)
in the dijet limit.
In the case of massive secondary particles the basic
structure of the factorization theorem in Eq. (1) remains
unchanged when the quark mass is close to the soft scale
µS ∼ kl ∼ kr ∼ Qτ [21]. In this case the massive quarks
contribute in a nontrivial way only to the singular terms
in the soft function S. So for the purpose of this work we
for the most part consider nf massless quark flavors and
one additional quark flavor with mass m ∼ µS ∼ Qτ 
Q in the dijet limit. The hemisphere soft function in the
3factorization theorem in Eq. (1) is defined as
S(kr, kl,m, µ) ≡ 1
Nc
∑
Xs
〈0|Y n¯Yn(0)|Xs〉〈Xs|Y †nY
†
n¯(0)|0〉
× δ(kl − n¯ · kls) δ(kr − n · krs) , (3)
where kls (k
r
s) is the light-cone momentum of the soft
final state |Xs〉 in the left (right) hemisphere and Yn(x),
Y n¯(x) are ultrasoft Wilson lines, i.e.
Yn(x) ≡ P exp
[
−ig
∫ ∞
0
ds n ·Aus(ns+ x)
]
,
Y n¯(x) ≡ P exp
[
−ig
∫ ∞
0
ds n¯ ·Aus(ns+ x)
]
(4)
with A¯µ = T¯
AAAµ and T¯
A = −(TA)T . We have indi-
cated the dependence of the soft function on the quark
mass by the additional argument m. For purely mass-
less quarks the O(α2s) corrections to the partonic hemi-
sphere soft function have been computed in Ref. [22],
see also Ref. [23]. In the following, we will calculate
the O(α2sCFTF ) corrections from massive quarks due to
gluon splitting as shown in the diagrams of Fig. 1. The
generalization to several massive quark flavors is straight-
forward. We emphasize that the definition of the soft
function in Eq. (3) also applies for the case when the pri-
mary quarks are massive [18, 19] as long as the c.m. en-
ergyQ is much larger than their mass since the emergence
of the Wilson lines in the soft Eikonal approximation is
mass-independent. So our result also applies for massive
secondary quark effects in massive primary quark pro-
duction, where masses of primary and secondary quarks
can differ, up to potential trivial modifications concern-
ing the scheme for αs.
III. OUTLINE OF THE CALCULATION
We compute the diagrams in Fig. 1 for one quark flavor
with mass m. While the phase space for the diagrams
(a) - (d) is easy, the computation of diagrams (e) and
(f) is non-trivial, when the massive quark and antiquark
with momenta k and q, respectively, enter the final state.
Taking into account the corresponding symmetry factors,
one can obtain their contributions to the soft function in
the form analogously to the massless case [22]
Se+f (kr, kl,m) =
∫
ddk
(2pi)d
∫
ddq
(2pi)d
F (qq)(k, q, kr, kl,m)
× s(k, q) , (5)
where s(k, q) is the matrix element calculated by conven-
tional Feynman rules,
s(k, q) = g4CFTF µ˜
2 4(k
+q− + k−q+ − 2k · q)
(k+ + q+)(k− + q−)(k + q)4
. (6)
The phase space constraints and the on-shell condition
for the massive quarks are given by the quark hemisphere
prescription F (qq)(k, q, kr, kl,m),
F (qq)(k, q, kr, kl,m) =
(−2pii)2 δ(k2 −m2) δ(q2 −m2) θ(k+ + k−) θ(q+ + q−)
× [θ(k+ − k−) θ(q− − q+) δ(q+ − kr) δ(k− − kl)
+ θ(k− − k+) θ(q+ − q−) δ(k+ − kr) δ(q− − kl)
+ θ(k− − k+) θ(q− − q+) δ(k+ + q+ − kr) δ(kl)
+ θ(k+ − k−) θ(q+ − q−) δ(k− + q− − kl) δ(kr)
]
. (7)
Solving the integral (5) directly with this phase space
constraint turns out to be an extraordinarily difficult task
due to the mass dependence together with the complica-
tions that arise from the parts of the phase space where
the quark and antiquark enter different hemispheres. In-
stead of approaching with brute force, we therefore apply
the following strategy: We first calculate a soft function
with a much simpler phase space constraint (but the same
matrix element),
S
(g)
e+f (kr, kl,m) =
∫
ddk
(2pi)d
∫
ddq
(2pi)d
F (g)(k, q, kr, kl,m)
× s(k, q) , (8)
where the phase space constraints are given by the gluon
hemisphere prescription F (g)(k, q, kr, kl,m),
F (g)(k, q, kr, kl,m) =
(−2pii)2 δ(k2 −m2) δ(q2 −m2) θ(k+ + k−) θ(q+ + q−)
× [θ(k+ + q+ − k− − q−) δ(kr) δ(k− + q− − kl)
+ θ(k− + q− − k+ − q+) δ(kl) δ(k+ + q+ − kr)
]
. (9)
This phase space assigns the soft hemisphere momenta
coherently to the components of the gluon momentum
k+ q, so that the massive quark and antiquark momenta
always contribute together and homogeneously to kl and
kr. The soft function obtained in this way only keeps
track of the hemisphere, into which the virtual gluon
propagated, and therefore differs from the actual physi-
cal hemisphere soft function we aim to calculate, where
the final state partons each are accounted for in the hemi-
sphere they propagate. Since both prescriptions are com-
patible with soft-collinear factorization and lead to the
same hard current and jet functions, the consistency of
the renormalization group evolution forces both soft func-
tions to have the same UV divergences. So the required
additional correction arising from the difference between
the quark hemisphere and gluon hemisphere prescription,
which we call phase space misalignment correction, can
be computed in four dimensions, which can be tackled
numerically. Due to the finite quark masses the result-
ing calculations are also IR-finite and straightforward to
carry out.
The advantage of introducing the gluon hemisphere
prescription is that the kinematics is only governed by
4Yn
Yn¯Y
†
n¯
Y†n
Y
†
n¯
YnY
†
n
Yn¯
YnY
†
n
Y
†
n¯ Yn¯
Y†nY
†
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†
n
Y
†
n¯Y
†
n¯Y
†
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m
FIG. 1. The types of Feynman diagrams for the O(α2sCFTF ) contributions to the soft function with corresponding symmetric
configurations. (a) and (b) are purely virtual, (c) and (d) contain the contributions to real gluon radiation and (e) and (f) the
contributions for the real radiation of a quark-antiquark pair. (a) and (d) vanish due to n · n = 0.
the gluon momenta weighted by the gluon virtuality. So
in the calculation the physical effects associated to the
fact that a massive quark pair is produced from vir-
tual gluon decay can be separated from the computation
of the phase space. This makes the gluon hemisphere
prescription quite simple to compute because it allows
us to perform the computation with the help of disper-
sion integrations over the gluon virtuality as described in
Refs. [27–29]2: As a first step one calculates the O(αs)
corrections to the partonic soft function coming from the
radiation of a “massive gluon” with momentum p = k+q.
Then, by convoluting the massive gluon result with the
imaginary part of the gluon vacuum polarization function
related to the massive quark cuts in diagrams (e) and (f)
one obtains the O(α2sCFTF ) massive quark corrections
in the gluon hemisphere prescription. The calculation is
very generic and it is trivial to determine the effects of
gluon splitting into any other kind of final state, such as
gluino pairs, just to mention one example. Note that the
method applies regardless of whether the physical effects
are related to virtual corrections or real radiation final
states.
To explain the dispersion method for an equal-mass
quark-antiquark pair we start with the gluonic vacuum
polarization Π(m2, p2) contribution arising from a mas-
2 The dispersion method is actually well known from numerous
previous multi-loop calculations and renormalon studies, as well
as in phenomenological applications such as the hadronic contri-
butions to g − 2.
sive quark-antiquark bubble,
− i (p2gµν − pµpν)Π(m2, p2) δAB
≡
∫
d4x eipx 〈0|T [JAµ (x)JBν (0)] |0〉 , (10)
with the current JAµ (x) = igsq¯(x)T
Aγµq(x), which can be
expressed through an integral over its absorptive part.
The unsubtracted (unrenormalized) dispersion integral
reads
Π(m2, p2) = − 1
pi
∫
dM2
Im
[
Π(m2,M2)
]
p2 −M2 + i , (11)
where the absorptive part in d dimensions reads
Im
[
Π(m2, p2)
]
= θ(p2 − 4m2) g2TF µ˜2(p2)(d−4)/2
× 2
3−2dpi(3−d)/2
Γ
(
d+1
2
) (d− 2 + 4m2
p2
)(
1− 4m
2
p2
)(d−3)/2
.
(12)
We call this dispersion relation “unrenormalized” be-
cause it is related to the calculation where the strong
coupling is still unrenormalized (with respect to the ef-
fects of the massive quark flavor). At this point the stan-
dard scheme choices for the renormalization of the strong
coupling are the MS scheme involving the subtraction of
the 1/ divergence in Π(m2, p2) or the on-shell subtrac-
tion scheme involving the subtraction of Π(m2, p2 = 0).
Using the MS scheme means that the massive quark is
active concerning the renormalization group evolution, so
the strong coupling evolves with nf + 1 active dynamical
flavors. Using on-shell subtractions means that that the
5massive quark is not active concerning the renormaliza-
tion group, so the strong coupling evolves with nf active
dynamical flavors. The on-shell subtraction is used when
the massive quark is integrated out and can also be im-
plemented into the dispersion relation itself by employing
its subtracted form
ΠOS(m2, p2) = Π(m2, p2)−Π(m2, 0)
= −p
2
pi
∫
dM2
M2
Im
[
Π(m2,M2)
]
p2 −M2 + i . (13)
The subtracted dispersion relation has an important
computational advantage since the integration over the
virtual gluon mass is suppressed by an additional power
of 1/M2 for large values of M2. This property can
make the dispersion integration finite and may allow
us to carry out the integral directly in d = 4 dimen-
sions. The unrenormalized result can then be easily re-
covered by adding back the massless gluon result times
Π(m2, p2 = 0). We will use this method in the following.
To be definite, the correction to the Feynman gauge
gluon propagator due to a massive quark-antiquark loop
expressed in terms of the subtracted dispersion relation
reads
Πeff,OSµν (m
2, p2) ≡ (−i)
2gµρΠ
ρσ,OS(m2, p2) gσν
(p2 + i)2
=
1
pi
∫
dM2
M2
−i
(
gµν − pµpνp2
)
p2 −M2 + i Im
[
Π(m2,M2)
]
, (14)
where pµ denotes the external gluon momentum, and we
have dropped from the equalities the overall color con-
serving Kronecker δAB . Note that in Eq. (14) the prop-
agator becomes transverse from the insertion of the vac-
uum polarization. In our calculations the contributions
from the additional pµpν term vanish due to gauge in-
variance and can be ignored. The relation also shows
explicitly that we can obtain the result for the massive
quark-antiquark pair from a dispersion integral over the
corresponding result for a gluon with mass M . Thus we
can obtain the O(α2sCFTF )-corrections to the soft func-
tion in the gluon hemisphere prescription with the on-
shell subtraction for the strong coupling by the relation
S
(g)
OS(kl, kr,m, µ) =
1
pi
∫
dM2
M2
S
(1)
M (kl, kr,M, µ)
× Im [Π(m2,M2)] , (15)
where S
(1)
M denotes the one-loop massive gluon contribu-
tion to the soft function. The corresponding result with
the more common MS subtraction then reads
S
(g)
MS
(kl, kr,m, µ) = S
(g)
OS(kl, kr,m, µ)
−
(
Π(m2, 0)− αsTF
3pi
1

)
× S(1)(kl, kr, µ) (16)
with S(1) being the massless one-loop contribution to the
soft function. For convenience we also give the result for
the zero-momentum vacuum polarization function in d
dimensions:
Π(m2, 0) =
αsTF
3pi
(
µ2
m2
)
Γ()eγE . (17)
IV. MASSIVE QUARK CORRECTIONS WITH
GLUON HEMISPHERE PRESCRIPTION
We start with the computation of O(α2sCFTF ) mas-
sive quark corrections to the soft function with the
gluon hemisphere prescription, S(g)(kr, kl,m, µ), along
the lines described above.
1. Soft function for massive gluons at O(αs)
In the calculations for the O(αs) soft function with a
massive gluon, we encounter rapidity divergences in in-
dividual parts of the computation which are not regular-
ized by dimensional regularization. Although the rapid-
ity divergences cancel in the sum of all terms [21], it is
convenient to implement an additional regulator. In any
case, using a regulator, all integrals are well defined in-
dividually, and the outcome for the different diagrams
is regulator-dependent. We choose the “α-regulator”
[30, 31] ∫
dp− →
∫
dp−
(
ν
p−
)α
(18)
on the minus gluon momentum component. We use the
α-regulator in a way more general than advocated in
Ref. [31] since we apply it not only for phase space in-
tegrations but also for loop diagrams, so that some of
the properties of this regulator for phase space integrals
as stated in Ref. [31] might not hold. The exact imple-
mentation of the regularization of rapidity divergences is
only of minor importance for our calculation since the
divergences cancel entirely within the soft function com-
putation and no large logarithms arise when the mass is
of order of the soft scale. With the regulator (18) the
purely virtual diagram in Fig. 1 (b) yields a scaleless in-
tegral and vanishes, so only the diagrams containing the
real radiation of a massive gluon are non-vanishing.3
The diagrams for real radiation of a gluon with mass
M in d-dimensions, after expanding in α, yield (k¯ = k/µ)
µ2S
(1)
M (kr, kl,M, µ) =
αs(µ)CF
4pi
δ(k¯l)
{(
µ2
M2
)
eγEΓ()
×
(
2 δ(k¯r)
[
ln
(
µ2
M2
)
+ γE − ψ()
]
+ 4
[
θ(k¯r)
k¯r
]
+
)
− θ(kr −M) 4
k¯r
ln
(
k2r
M2
)}
+ (kr ↔ kl) . (19)
3 We emphasize that this is a regulator dependent statement.
6Note that the threshold term involving the θ-function
corresponds to real radiation. It has been given for d = 4
( = 0) because it only involves IR and UV finite integrals
within the subtracted dispersion integral (15). Technical
details on the calculation leading to Eq. (19) can be found
in [21].
2. Massive quark corrections at O(α2s)
We use the dispersive technique to obtain the
O(α2sCFTF ) part of the soft function for massive quarks.
The convolution along the lines of Eq. (15) is performed
separately for the d dimensional virtual terms and the
four-dimensional threshold term in Eq. (19), where for
the latter the d = 4 version of the absorptive part of the
vacuum polarization function in Eq. (12) can be used.
We encounter hypergeometric functions, which are ex-
panded with the HypExp package [32] in Mathematica.
The structure of the result with on-shell subtraction for
the strong coupling (αs = α
(nf )
s ) reads
S
(g)
OS(kl, kr,m, µ) = S
(g)
OS,virt(kl, kr,m, µ) + S
(g)
real(kl, kr,m) ,
(20)
where the unrenormalized distributive part S
(g)
OS,virt de-
scribing virtual radiation reads
µ2S
(g)
OS,virt(kl, kr,m, µ) =
α2sCFTF
16pi2
δ(k¯l)
{
δ(k¯r)
×
[
− 2
3
+
1
2
(
8
3
Lm +
10
9
)
+
1

(
−4
3
L2m +
56
27
− pi
2
3
)
− 20
9
L2m +
(
−224
27
+
4pi2
9
)
Lm − 328
27
+
5pi2
27
+ 4ζ(3)
]
+
[
θ(k¯r)
k¯r
]
+
[
8
32
+
1

(
−16
3
Lm − 40
9
)
+
16
3
L2m +
80
9
Lm
+
224
27
+
4pi2
9
]}
+ (kr ↔ kl) , (21)
with Lm = ln(m
2/µ2). The finite threshold part
S
(g)
real(kl, kr,m, µ) describing real radiation and vanishing
for kl,r ≤ 2m reads
µ2S
(g)
real(kl, kr,m) =
α2sCFTF
16pi2
δ(k¯l) θ(kr − 2m)
× 1
k¯r
R
(√
1− 4m
2
k2r
)
+ (kr ↔ kl) , (22)
where the real radiation function is given by
R(w) =
32
3
Li2
(
w − 1
w + 1
)
+
16
3
ln2
(
1 + w
2
)
− 16
3
ln2
(
1− w
2
)
+
8
3
ln2
(
1 + w
1− w
)
+
80
9
ln
(
1 + w
1− w
)
+
32
27
w3 − 160
9
w +
8pi2
9
. (23)
To obtain the result with MS subtraction for the strong
coupling (αs = α
(nf+1)
s ) one has to add the MS-
renormalized finite contributions of the zero momentum
vacuum polarization according to Eq. (16). This gives
the additional contributions
δS(g)(kr, kl,m, µ) = −
(
Π(m2, 0)− 1

)
× S(1)(kr, kl, µ)
= −αsTF
3pi
[(
µ2
m2
)
Γ()eγE − 1

]
× αsCF
pi
µ2eγE
Γ(1− )
× [δ(kl)θ(kr)k−1−2r + (kr ↔ kl)] . (24)
The contributions in Eq. (24) contain only the virtual dis-
tributive pieces and do not affect the massive quark real
radiation corrections. Expanded for small  the unrenor-
malized O(α2sCFTF ) massive quark contributions to the
soft function (with MS renormalized α
(nf+1)
s ) read
S(g)(kr, kl,m, µ) =S
(g)
OS(kl, kr,m, µ) + δS
(g)(kr, kl,m, µ)
=ZS,m(kr, kl, µ) + S
(g)
virt(kr, kl,m, µ)
+ S
(g)
real(kr, kl,m, µ) , (25)
where the UV-finite contribution to the distributive vir-
tual corrections is given by (Lm = ln(m
2/µ2))
µ2S
(g)
virt(kr, kl,m, µ) =
α2sCFTF
16pi2
δ(k¯l)
{
δ(k¯r)
[
−4
9
L3m
− 20
9
L2m +
(
−224
27
+
4pi2
9
)
Lm − 328
27
+
5pi2
27
+
28
9
ζ(3)
]
+
[
θ(k¯r)
k¯r
]
+
[
8
3
L2m +
80
9
Lm +
224
27
]
−
[
θ(k¯r)ln k¯r
k¯r
]
+
32
3
Lm
}
+ (kr ↔ kl) , (26)
and the UV-divergent contribution, which gives the
O(αsCFTF ) massive quark correction to the soft func-
tion renormalization factor, reads
µ2ZS,m(kr, kl, µ) =
α2sCFTF
16pi2
δ(k¯l)
{
δ(k¯r)
[
− 2
3
+
10
92
+
1

(
56
27
− pi
2
9
)]
+
[
θ(k¯r)
k¯r
]
+
[
8
32
− 40
9
]}
+ (kr ↔ kl) .
(27)
The UV divergences agree exactly with the known result
for one massless quark, since the mass is just an infrared
scale and does not affect the UV behavior. Therefore,
the secondary massive quark flavor contributes to the
anomalous dimension of the soft function in the same
way as a massless flavor.
From Eq. (25) one can take the massless limit by ex-
panding the real radiation contribution S
(g)
real into delta
7functions and plus distribution, which leads to the (un-
renormalized) result
µ2S(g)(kr, kl, µ) = µ
2ZS(kr, kl, µ) +
α2sCFTF
16pi2
δ(k¯l)
×
{
δ(k¯r)
[
328
81
− 5pi
2
9
− 20
9
ζ(3)
]
+
[
θ(k¯r)
k¯r
]
+
[
−224
27
+
8pi2
9
]
+
[
θ(k¯r) ln k¯r
k¯r
]
+
160
9
−
[
θ(k¯r) ln
2k¯r
k¯r
]
+
32
3
}
+ (kr ↔ kl) . (28)
V. PHASE SPACE MISALIGNMENT
CORRECTION
We now determine the O(α2sCFTF ) massive quark cor-
rections to the double hemisphere soft function for the
physical quark hemisphere prescription. After having
obtained the result for the gluon hemisphere prescrip-
tion S(g)(kr, kl,m, µ) in Sec. IV, what remains to be cal-
culated are the corrections due to the phase space mis-
alignment to the physical quark hemisphere prescription,
which we call ∆S(kl, kr,m). So the result for the full
O(α2sCFTF ) massive quark corrections to the unrenor-
malized double hemisphere soft function reads
Sm(kl, kr,m, µ) = S
(g)(kl, kr,m, µ) + ∆S(kl, kr,m) .
(29)
The phase space misalignment correction ∆S contains
only phase space contributions, where the two quarks
enter different hemispheres, since quark and gluon hemi-
sphere prescriptions act in the same way when the quarks
enter the same hemisphere. After having performed the
integrations over the transverse momenta in Eqs. (5) and
(8) we obtain
∆S(kl, kr,m) =
α2sCFTF
16pi2
∫
dq−
∫
dk+
∫
dq+
∫
dk−
× θ(k− − k+) θ(q+ − q−) θ(k+k− −m2) θ(q+q− −m2)
× θ(k− + k+) θ(q+ + q−) [δ(kl − q−) δ(kr − k+)
− θ(k− + q− − k+ − q+) δ(kr − k+ − q+) δ(kl)
− θ(k+ + q+ − k− − q−) δ(kl − k− − q−) δ(kr)
]
× fm(k+, k−, q+, q−,m) (30)
with the integrand
fm(k
+, k−, q+, q−,m) =
[(
k+q+
(q+ + k+)2
+
k−q−
(q− + k−)2
)
× (q+k− + k+q−)− 4(k+k− −m2)(q+q− −m2)
(q+ + k+)(q− + k−)
]
× 16
[(q+k− + k+q−)2 − 4(k+k− −m2)(q+q− −m2)]3/2
.
(31)
In fact the results of both, quark and gluon hemisphere
prescriptions entering ∆S are individually free of UV di-
vergences. Conceptually this is related to the consis-
tency of soft-collinear factorization and the exponenti-
ation properties of the soft function [11, 24], so that at
O(α2s) UV-divergent contributions depending simultane-
ously on both the hemisphere variables kl and kr in a non-
trivial way can only have C2F color-structures. For the
massive quark corrections we calculate, there are also no
IR divergences for both hemisphere prescriptions individ-
ually since the mass acts as an IR regulator.4 Therefore
we do not have to employ any additional regularization
and a numerical computation can be easily performed.
Furthermore, since these contributions to the soft func-
tion correspond to real emission diagrams, no non-trivial
distributions are generated.
Using Eq. (30) we can cast the result for the phase
space misalignment correction into the form (k¯l,r =
kl,r/µ, kˆl,r = kl,r/m)
µ2∆S(kl, kr,m) =
α2sCFTF
16pi2
[
2
k¯lk¯r
fˆqq(kˆl, kˆr)
− δ(k¯l) 1
k¯r
fˆg(kˆr)− δ(k¯r) 1
k¯l
fˆg(kˆl)
]
. (32)
The term fˆqq is the contribution due to the quark hemi-
sphere prescription,
fˆqq(kˆl, kˆr) =
kˆlkˆr
2
∫ ∞
0
dy+
∫ ∞
0
dx− θ(x− − kˆr) θ(y+ − kˆl)
× θ(kˆrx− − 1)θ(kˆly+ − 1)fm(kˆr, x−, y+, kˆl, 1) (33)
in rescaled variables with x± = k±/m and y± = q±/m.
Since fˆqq is dimensionless we have recombined the scales
and written fm as a dimensionless function in terms of
these rescaled momenta. The term fˆg is related to the
gluon hemisphere prescription and reads
fˆg(kˆ) = kˆ
∫ ∞
0
dy−
∫ ∞
0
dy+
∫ ∞
0
dx− θ(x− + y− − kˆ)
× θ(y+ − y−) θ(kˆx− − y+x− − 1) θ(y+y− − 1)
× fm(kˆ − y+, x−, y+, y−, 1) . (34)
Writing out the phase space in Eq. (33) and (34) in terms
of separate integration domains, one can evaluate fˆqq
and fˆg numerically. Using the Cuba library [33] we ob-
tained the same result for both deterministic as well as
Monte-Carlo algorithms. The resulting functions are dis-
played in the Figs. 2, 3 and 4. Notice that fˆqq(kˆl, kˆr)
contains a kink at kˆl = 1 and kˆr = 1, which can be
4 In the massless computation of [22, 23] infrared 1/-divergences
arise for the phase space, where the two quarks enter opposite
hemispheres, as well as for the one, where they enter the same
hemisphere. These cancel in the sum.
8FIG. 2. 3D plot of the quark hemisphere contribution to the
phase space misalignment correction ∆S.
seen in the contour plot in Fig. 3 and can be traced back
to a change of the integration domains for these values.
fˆg(kˆl,r) contains a threshold at the scale kˆl,r = 1, at
which it turns on smoothly. Indeed the momentum de-
posit kl,r in the gluon prescription for the opposite hemi-
sphere phase space is a sum of one large lightcone com-
ponent, say q+, and a small lightcone component k+.
Since the invariant mass of each real particle is fixed
by the on-shell condition, it follows that q+q− ≥ m2.
Taking into account that in this case q+ > q− we get
k2r = (q
+ + k+)2 ≥ (q+)2 ≥ q+q− ≥ m2. For fˆqq no
threshold arises, since just the small lightcone compo-
nents contribute.
We can investigate the asymptotic behavior of the
functions fˆqq and fˆg analytically and show the results for
very heavy and light quarks explicitly. For kl, kr  m
the expansion of fˆqq yields
fˆqq(kˆl, kˆr)
kˆl,kˆr1−→ 8kˆ3l kˆ3r
[
1 +O(kˆlkˆr)
]
. (35)
This is the only contribution to ∆S in this limit, since fˆg
vanishes here, and gives the suppression of mass effects
in the decoupling limit. For kl, kr  m we get
fˆqq
(
kˆl, kˆr
)
kˆl,kˆr1−→ fqq
(
kl
kr
)
+O
(
1
kˆl
,
1
kˆr
)
(36)
with
fqq(z) =
16
3
ln(1 + z)− 8z(3 + 3z + 2z
2)
3(1 + z)3
ln z − 16z
3(1 + z)2
.
(37)
Note that fqq(1/z) = fqq(z) and fqq(0) = fqq(∞) = 0.
Turning to fˆg we obtain for k  m
fˆg(kˆ)
kˆ1−→ Cg ≡ −8
3
+
16pi2
9
+O
(
1
kˆ
)
. (38)
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So the massless limit for the misalignment correction
∆S(kl, kr,m) for non-vanishing kl, kr reads
µ2∆S(kl > 0, kr > 0,m = 0) =
α2sCFTF
16pi2
[
2
k¯lk¯r
fqq
(
kl
kr
)
− Cg
(
δ(k¯l)
1
k¯r
+ δ(k¯r)
1
k¯l
)]
, (39)
The sum of Eq. (39) and the gluon hemisphere contribu-
tion for a massless quark S(g)(kl, kr, µ) given in Eq. (28)
correctly reproduces the O(α2sCFTFnf ) massless quark
corrections to the hemisphere soft function computed in
Ref. [22] for kl, kr > 0. Note that the naive massless lim-
its we obtain for fˆqq(kˆl, kˆr)/kˆlkˆr and fˆg(kˆ)/kˆ when kl, kr
9are non-vanishing are not integrable at kl = kr = 0. In
the following section we will show, how they recombine
into unambiguous distributive expressions.
VI. THE MASSLESS LIMIT OF THE
HEMISPHERE SOFT FUNCTION
We now investigate the distributive structure of the
O(α2s) momentum-space double hemisphere soft function
S(kl, kr, µ) in the massless limit. This issue has not been
fully resolved in Refs. [22, 23] for the phase space con-
tributions where the quark and antiquark enter different
hemispheres. We will find a definite answer for analytic
test functions g(kl, kr) 6= g(kl/kr), which have in partic-
ular a converging Taylor series around the origin.5 This
is usually the case for test functions which depend on
an additional scale, as it is realized for the soft model
function Smod = Smod(kl/ΛQCD, kr/ΛQCD) which de-
pends intrinsically on the hadronization scale (see also
Sec. VIII). The computational rules we can identify con-
cerning the massless limit of the O(α2sCFTF ) massive
quark corrections to the soft function can be related to
the corresponding massless quark results regularized in
dimensional regularization given in [22, 23]. They also
allow us to determine the complete distributive struc-
ture of the pure O(α2sCACF ) gluonic corrections of the
momentum-space double hemisphere soft function.
A. Distributive structure of the O(α2sCFTFnf )
corrections
We first analyze the distributive structure of the
O(α2sCFTFnf ) massless quark contributions from the
limit m → 0 of the massive quark corrections Sm as
given in Eq. (29). The massless limit for the gluon hemi-
sphere term S(g) has already been given in Eq. (28), so we
just have to examine the double cumulant for the phase
space misalignment correction ∆S to derive the distribu-
tive structure. Given that the test functions we consider
are unique at kl = kr = 0 we can identify the distributive
structures in an unambiguous way. The double cumulant
is given by
∆S(KL,KR,m) =
∫ KL
0
dkl
∫ KR
0
dkr ∆S(kl, kr,m)
(40)
To reach the massless limit we perform an asymptotic
expansion for KL,R  m both for the quark and gluon
5 A test function g(kl, kr) = g(kl/kr) is in general not unique at
kl = kr = 0 and cannot be expanded in a Taylor series around
the origin. The derivation of the distributive structure is more
complicated in this case due to possible nontrivial contributions
in region (a) mentioned below, and the final results presented
here do not apply.
hemisphere prescription contributions contained in ∆S.
There are in principle many different relevant kinematic
regimes for the lightcone components that can con-
tribute. Investigating the integrand fm(k, q,m) given
in Eq. (31) and the integration measures for the light-
cone components, we find only two relevant regions giving
leading O(1) contributions: (a) k+ ∼ k− ∼ q+ ∼ q− ∼ m
and (b) k+ ∼ k− ∼ q+ ∼ q− ∼ KL,R.6 The integration
in region (a) appears to be very difficult for an analytic
computation, since no expansion is possible for the inte-
grand fm(k, q,m). However, we can take advantage of
the fact that the phase space constraints for the gluon
and quark hemisphere prescriptions become identical in
region (a). This can be seen from Eq. (30), where af-
ter integrating in kl and kr the dependence on the large
scalesKL andKR drops out for small lightcone momenta,
which leads to the cancellation between both hemisphere
prescriptions. It is therefore sufficient to investigate only
the contributions from region (b), where the mass depen-
dence drops from both the integrand and the domain of
integration, so that
∆S(KL,KR,m→ 0) = α
2
sCFTF
16pi2
∫ ∞
0
dq−
∫ ∞
0
dk+
×
∫ ∞
0
dq+
∫ ∞
0
dk− θ(q+ − q−) θ(k− − k+)
× [θ(KR − q−) θ(KL − k+)
− θ(k+ + q+ − k− − q−) θ(KR − q− − k−) θ(KL)
− θ(k− + q− − k+ − q+) θ(KL − q+ − k+) θ(KR)
]
× f0(k+, k−, q+, q−) , (41)
with the massless integrand
f0(k
+, k−, q+, q−) =
16
(k+ + q+)2(k− + q−)2
× q
+q− + k+k−
q+k− − k+q− . (42)
The remaining integrations can be performed separately
for the contributions from the quark and gluon hemi-
sphere prescriptions with an additional IR regulator,
where the IR divergence comes from the region where
all momenta are small. We have chosen a cutoff regu-
lator for one of the lightcone components and observed
that it properly cancels in the final expression in the dif-
ference between the two hemisphere contributions. This
cancellation takes place since the IR divergences in the
quark and gluon hemisphere prescriptions match.7 The
6 Other conceivable regions always give a suppression of at least
O(m/KL,R) due to the integration measure or the power count-
ing of the integrand.
7 IR divergences in region (b) are associated directly with UV di-
vergences in region (a) for the contributions from the gluon as
well as from the quark hemisphere prescriptions. Since the two
prescriptions give identical results in region (a), they also have
identical IR divergences in region (b).
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final outcome reads
∆S(KL,KR) = α
2
sCFTF
16pi2
[
2Fqq
(
KL
KR
)
− 88
9
+
104
27
pi2
+
32
3
ζ(3)
]
(43)
with the function
Fqq(z) = 16 Li3(−z)− 16
3
ln z Li2(−z) + 8pi
2
9
ln z
− 4(1− z)
3(1 + z)
ln z , (44)
which is symmetric with respect to z ↔ 1/z.
The result given in Eq. (43) can be written as an in-
tegration over distributions in the variables kl and kr.
Away from the origin we should reproduce the structure
in Eq. (39) with (37) and (38). We further anticipate
that the structure [ 1kl ]+[
1
kr
]+fqq(kl/kr) is part of the fi-
nal answer and compute its contribution to the cumulant
using the fact that fqq(0) = 0: (K¯L = KL/µ etc.)∫ K¯R
0
dk¯r
[
1
k¯r
]
+
∫ K¯L
0
dk¯l
[
1
k¯l
]
+
fqq
(
k¯l
k¯r
)
=
∫ K¯R
0
dk¯r
[
1
k¯r
]
+
∫ K¯L
k¯r
0
fqq(z)
z
dz
=
∫ KR
KL
0
dx
1
x
(∫ 1
0
dz
fqq(z/x)
z
− Cqq
)
+ Cqqln K¯R
≡ Fqq
(
KL
KR
)
+
1
2
Cqq
(
ln K¯R + ln K¯L
)
, (45)
where
Cqq ≡
∫ ∞
0
fqq(z)
z
dz = −8
3
+
16pi2
9
= Cg . (46)
Note that the calculation is unambiguous owing to the
property fqq(0) = fqq(∞) = 0. Moreover, the order
of the integrations can be exchanged, since fqq(z) =
fqq(1/z). The result of Eq. (46) allows the additional
logarithms in the final equality of Eq. (45) to be recom-
bined with Cg into distributions that yield the correct
cumulant in Eq. (43) compatible with Eq. (39). This
gives the desired distributive expression for the phase
space misalignment correction:
µ2∆S(kl, kr, µ) =
α2sCFTF
16pi2
{
δ(k¯l)δ(k¯r)
[
−44
9
+
52
27
pi2
+
16
3
ζ(3)
]
+ δ(k¯l)
[
θ(k¯r)
k¯r
]
+
[
8
3
− 16
9
pi2
]
+
[
θ(k¯l)
k¯l
]
+
[
θ(k¯r)
k¯r
]
+
fqq
(
kl
kr
)
+ (kl ↔ kr)
}
. (47)
with the term fqq given in Eq. (37). Combining this result
with Eq. (28) we obtain the entire distributive structure
of the O(α2sCFTFnf ) massless quark corrections to the
momentum-space double hemisphere soft function valid
for all kl, kr ≥ 0,
µ2Snf (kl, kr, µ) = µ
2ZS,nf (kl, kr, µ) +
α2sCFTFnf
16pi2
×
{
δ(k¯l) δ(k¯r)
[
−68
81
+
37
27
pi2 +
28
9
ζ(3)
]
+ δ(k¯l)
[
θ(k¯r)
k¯r
]
+
[
−152
27
− 8pi
2
9
]
+ δ(k¯l)
[
θ(k¯r)ln k¯r
k¯r
]
+
160
9
− δ(k¯l)
[
θ(k¯r)ln
2k¯r
k¯r
]
+
32
3
+
[
θ(k¯l)
k¯l
]
+
[
θ(k¯r)
k¯r
]
+
fqq
(
kl
kr
)
+ (kl ↔ kr)
}
, (48)
where we have included the massless flavor number nf .
The UV divergences which are absorbed into the soft
function renormalization factor read
ZS,nf (kl, kr, µ) = nfZS,m(kl, kr, µ) (49)
with ZS,m(kl, kr, µ) given in Eq. (27). As already men-
tioned in Sec. V, this result agrees for kl, kr > 0 with the
naive → 0 expansion of the corresponding d 6= 4 result
given in Eq. (31) of Ref. [22].
Interestingly, from the result in Eq. (48) we can now
also establish unambiguous rules for the  → 0 limit of
the d 6= 4 results for the O(α2s) corrections to the momen-
tum space double hemisphere discussed in Refs. [22, 23]
valid for all kl, kr ≥ 0: Writing fnf (z, ) = f (0)nf (z) +
f
(1)
nf (z)+. . . for the opposite hemisphere correction given
in Eqs. (28), (A4) and (A5) of Ref. [22], the dictio-
nary from their d-dimensional expression resulting from
Eq. (48) reads
µ4
(klkr)1+2
fnf
(
kl
kr
, 
)
→0−→ δ(k¯l) δ(k¯r)
[
− 1
4
∫ ∞
0
dz
z
(
f (0)nf (z) + f
(1)
nf
(z)
)]
+
[
θ(k¯l)
k¯l
]
+
[
θ(k¯r)
k¯r
]
+
f (0)nf
(
kl
kr
)
+O() (50)
with f
(0)
nf (z) = 2fqq(z), see Eq. (37). Note that due to the
symmetry kl ↔ kr (f (n)nf (z) = f (n)nf (1/z)) and f (n)nf (0) =
f
(n)
nf (∞) = 0 (for n = 0, 1, 2, ...) one has∫ ∞
0
dz
ln z
z
f (n)nf (z) = 0 , (51)
so that corresponding contributions do not arise in
Eq. (50). The expansion given in Eq. (50) applies if
fnf (0, ) = fnf (∞, ) = 0. It is straightforward to gener-
alize to the case f (0, ) = f (∞, ) 6= 0. In this situation
we can define a new function f˜ (z, ) = f (z, )− f (0, ),
for which we can apply the rule in Eq. (50). For the
11
remaining constant f (0, ) we can expand in kl and kr
multiplicatively in the usual way generating products of
additional single variable distributions in kl and kr.
B. Result for the full O(α2s) momentum-space
double hemisphere soft function
We are now in the position to write down the complete
distributive expression for the momentum-space double
hemisphere soft function at O(α2s) accounting for all glu-
onic, the massless as well as massive quark corrections.
The results for the pure gluonic corrections can be de-
rived with the help of the expansion rule (50) and the re-
sults in [22, 23]. The different structures for the unrenor-
malized soft function in the scheme, where the strong
coupling evolves with the nf massless and one massive
flavor (αs = α
(nf+1)
s ), read
S(kl, kr, µ) =SCF (kl, kr, µ) + SCA(kl, kr, µ)
+ Snf (kl, kr, µ) + Sm(kl, kr,m, µ) , (52)
where Snf (kl, kr, µ) is the massless quark correction given
in Eq. (48) and Sm(kl, kr,m, µ) are the massive quark
corrections in Eq. (29). Using the results from [22] for
the CFCA-part and applying (50) we obtain
µ2SCA(kl, kr, µ) = µ
2ZS,CA(kl, kr, µ) +
α2sCFCA
16pi2
×
{
δ(k¯l) δ(k¯r)
[
−1016
81
− 335
108
pi2 − 77
9
ζ(3) +
26
45
pi4
]
+ δ(k¯l)
[
θ(k¯r)
k¯r
]
+
[
772
27
+
22pi2
9
− 36ζ(3)
]
− δ(k¯l)
[
θ(k¯r)ln k¯r
k¯r
]
+
536
9
+ δ(k¯l)
[
θ(k¯r)ln
2k¯r
k¯r
]
+
88
3
+
[
θ(k¯l)
k¯l
]
+
[
θ(k¯r)
k¯r
]
+
[
4pi2
3
+ fgg
(
kl
kr
)]
+ (kl ↔ kr)
}
(53)
with
fgg(z) = 4 ln
2(1 + z)− 4 ln(1 + z) ln z − 44
3
ln(1 + z)
+
4z(12 + 21z + 11z2)
3(1 + z)3
ln z +
8z
3(1 + z)2
(54)
satisfying fgg(z) = fgg(1/z) and fgg(0) = 0. The UV
divergent contribution which adds to the soft function
renormalization constant reads
µ2ZS,CA(kl, kr, µ) =
α2sCFCA
16pi2
δ(k¯l)
{
δ(k¯r)
[
11
23
+
1
2
(
−67
18
+
pi2
6
)
+
1

(
−202
27
+
11pi2
36
+ 7ζ(3)
)]
+
[
θ(k¯r)
k¯r
]
+
[
− 22
32
+
1

(
134
9
− 2pi
2
3
)]}
+ (kl ↔ kr) .
(55)
To obtain this result we have rewritten the function
fCA(z, ) given in Eq. (17) of Ref. [22] as fCA(z, ) =
f˜CA(z, ) + fCA(0, ) and proceeded as described at the
end of Sec. VI A for the expansion in terms of distribu-
tions. We have defined 2fgg(z) ≡ f (0)CA(z) − f
(0)
CA
(0) with
f
(0)
CA
(z) given in Eq. (A1) of Ref. [22] and f
(0)
CA
(0) ≡ 8pi2/3.
The distributive structure of the remaining gluonic C2F -
corrections is already known completely as it can be ob-
tained from the exponentiation of the one-loop result in
position space [24], and its kl- and kr-dependence fac-
torizes without any subtleties. For completeness we also
give the result for the O(α2sC2F ) corrections to the un-
renormalized soft function,
µ2SCF (kl, kr, µ) = µ
2ZS,CF (kl, kr, µ) +
α2sC
2
F
16pi2
×
{
−δ(k¯l)δ(k¯r)11pi
4
180
+ δ(k¯l)
[
θ(k¯r)
k¯r
]
+
64ζ(3)
− δ(k¯l)
[
θ(k¯r)ln k¯r
k¯r
]
+
40pi2
3
+ δ(k¯l)
[
θ(k¯r)ln
3k¯r
k¯r
]
+
32
+
[
θ(k¯l)ln k¯l
k¯l
]
+
[
θ(k¯r)ln k¯r
k¯r
]
+
32 + (kl ↔ kr)
}
(56)
with
µ2ZS,CF (kl, kr, µ) =
α2sC
2
F
16pi2
{
δ(k¯l)δ(k¯r)
[
4
4
− 2pi
2
2
− 32ζ(3)

]
+ δ(k¯l)
[
θ(k¯r)
k¯r
]
+
[
−16
3
+
20pi2
3
]
+ δ(k¯l)
[
θ(k¯r)ln k¯r
k¯r
]
+
48
2
− δ(k¯l)
[
θ(k¯r)ln
2k¯r
k¯r
]
+
48

+
[
θ(k¯l)
k¯l
]
+
[
θ(k¯r)
k¯r
]
+
8
2
−
[
θ(k¯l)
k¯l
]
+
[
θ(k¯r)ln k¯r
k¯r
]
+
32

+ (kl ↔ kr)
}
(57)
for the UV divergent terms. We have checked analytically
that the cumulants generated by Eqs. (48), (53), (56)
agree with the expressions given in Eqs. (50) and (53)
of Ref. [22] and Eqs. (3.36)-(3.43) of Ref. [23].8 Fur-
8 Note that the constants s
[nf ]
2 and s
[CFCA]
2 in Eq. (3.42) of
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thermore, we have found agreement to the resulting ex-
pressions for the corresponding O(α2s) corrections to the
thrust soft function given in Eq. (41) of Ref. [22] (see also
[34]), and furthermore to the heavy jet mass constant in
Eq. (42) of Ref. [22]. Moreover, the position space repre-
sentation of the massless quark and gluon corrections, i.e.
the Fourier transformations of Eqs. (48), (53), (56), agree
with the ones given in Eqs. (3.30)-(3.35) of Ref. [23].
VII. PROJECTION ONTO THRUST
From the massive quark corrections to the O(α2s) dou-
ble hemisphere soft function we can derive the corre-
sponding soft function corrections for a few other event
shape variables. Here we investigate the most prominent
projection, namely thrust. We define the thrust variable
by9
τ = 1− T = 1−
∑
i
|~n · ~pi|∑
j |Ej |
= 1−
∑
i
|~n · ~pi|
Q
, (58)
where ~n is the thrust axis and the sum is performed over
all final state particles with momenta ~pi and energies Ei.
The partonic soft function for the thrust distribution can
be easily obtained from the linear relation
τ =
M2l +M
2
r
Q2
+O
(
M4l,r
Q4
)
(59)
in the dijet limit, which yields
Sτ (`,m, µ) =
∫
dkr dkl δ(`− kr − kl)S(kr, kl,m, µ) .
(60)
We can split the O(α2sCFTF ) massive quark corrections
to the partonic thrust soft function into
Sτ,m(`,m, µ) =ZS,τ (`, µ) + S
(g)
τ,virt(`,m, µ)
+ S
(g)
τ,real(`,m, µ) + ∆Sτ (`,m) , (61)
according to Eqs. (25) and (29). In Eq. (61) the term
S
(g)
τ,virt (S
(g)
τ,real) corresponds to the virtual (real) massive
quark radiation piece coming from the gluon hemisphere
prescription, while ∆Sτ (`,m) is the finite phase space
misalignment correction due to the physical quark hemi-
sphere prescription. These are related to the correspond-
ing double hemisphere results of Eqs. (26), (22) and (32).
Ref. [23] should be converted from position space to momentum
space by including the terms listed in Eq. (45) of Ref. [22].
9 Note that τ is normalized with the c.m. energy Q, which is
the sum of all energies and also agrees with the variable 2-
jettiness [35]. For massless decay products this agrees with the
common definition, which is normalized to the sum of momenta∑
i |~pi|.
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FIG. 5. The contributions to the thrust soft function from the
opposite hemisphere phase space, for the quark hemisphere
prescription mS(qq)(`,m) (blue), gluon hemisphere prescrip-
tion mS(g)(`,m) (red) and the difference giving m∆Sτ (`,m)
(black, dashed).
For the gluon hemisphere contributions the convolution
according to Eq. (60) is straightforward and we obtain
(¯`= `/µ)
µS
(g)
τ,virt(`,m, µ) =
α2sCFTF
16pi2
{
δ(¯`)
[
−8
9
L3m −
40
9
L2m
+
(
−448
27
+
8pi2
9
)
Lm − 656
27
+
10pi2
27
+
56
9
ζ(3)
]
+
[
θ(¯`)
¯`
]
+
[
16
3
L2m +
160
9
Lm +
448
27
]
−
[
θ(¯`)ln ¯`
¯`
]
+
64
3
Lm
}
, (62)
µS
(g)
τ,real(`,m, µ) =
α2sCFTF
16pi2
θ(`− 2m) 2¯`R
(√
1− 4m
2
`2
)
,
(63)
where the function R (w) is defined in Eq. (23). The UV
divergences that contribute to the soft function renor-
malization constant read
µZS,τ (`, µ) =
α2sCFTF
16pi2
{
δ(¯`)
[
− 4
3
+
20
92
+
1

(
112
27
− 2pi
2
9
)]
+
[
θ(¯`)
¯`
]
+
[
16
32
− 80
9
]}
. (64)
The contribution from the phase space misalignment
correction ∆Sτ (`,m) can be written analogously to
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Eq. (30),
∆Sτ (`,m) =
α2sCFTF
16pi2
∫
dq−
∫
dk+
∫
dq+
∫
dk−
× θ(k− − k+) θ(q+ − q−) θ(k+k− −m2) θ(q+q− −m2)
× θ(k− + k+) θ(q+ + q−) [δ(`− k+ − q−)
− θ(k− + q− − k+ − q+) δ(`− k+ − q+)
− θ(k+ + q+ − k− − q−) δ(`− k− − q−)]
× fm(k+, k−, q+, q−,m) (65)
where fm has been given in Eq. (31). It can be calculated
numerically using the Cuba library [33]. For large values
of `/m ∆Sτ (`,m) involves strong cancellations in the dif-
ference between its quark and gluon hemisphere contri-
butions (see also Eq. (A2)), which can lead to numerical
instabilities. This is illustrated in Fig. 5 where ∆Sτ (`,m)
is shown together with its two contributions from both
prescriptions. An alternative way to compute ∆Sτ (`,m)
for large values of `/m can be achieved by evaluating the
cumulant, where the quark and gluon hemisphere con-
tributions can be combined prior to integration, and by
differentiating numerically afterwards (see the appendix).
In the massless limit ∆Sτ becomes a delta function
and gives (¯`= `/µ)
µ∆Sτ (`,m)
m→0−→ α
2
sCFTF
16pi2
δ(¯`)
{
−64
9
+
104pi2
27
− 64ζ(3)
3
}
.
(66)
Together with the massless limits of Eqs. (62), (63) this
yields
µSτ,m(`,m→ 0, µ) = µZS,τ (`, µ) + α
2
sCFTF
16pi2
×
{
δ(¯`)
[
80
81
+
74pi2
27
− 232
9
ζ(3)
]
+
[
θ(¯`)
¯`
]
+
[
−448
27
+
16pi2
9
]
+
[
θ(¯`) ln ¯`
¯`
]
+
320
9
−
[
θ(¯`) ln2 ¯`
¯`
]
+
64
3
}
,
(67)
which is the result known for one massless quark flavor
[22, 34].
We aim at providing a parametrization of ∆Sτ (`,m),
which can be used for a numerical analysis of mass ef-
fects for the thrust distribution. For this purpose, we
perform asymptotic expansions for small and large ratios
`/m. First we consider the expansion for small thrust
momenta or large quark masses, which can be obtained
from integrating Eq. (35), yielding
µ∆Sτ (`,m)
`m−→ α
2
sCFTF
16pi2
1
¯`
8`6
15m6
[
1 +O
(
`2
m2
)]
.
(68)
Note that there is no threshold, below which this contri-
bution vanishes. The expansion for large thrust momenta
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FIG. 6. Above: Phase space misalignment correction
m∆Sτ (`,m) (black dots) together with the fit of Eq. (70)
(red,dashed) and its asymptotic expansions (blue,dotted),
normalized by the prefactor α2sCFTF /16pi
2. The fit is almost
indistinguishable from the exact function. Below: The rela-
tive difference between fit and exact function for ∆Sτ (`,m)
(compared to an interpolation).
is more challenging and described in the appendix. The
final result reads
µ∆Sτ (`,m)
`m−→ α
2
sCFTF
16pi2
1
¯`
m2
`2
[
8ln2
(
m2
`2
)
+ 80ln
(
m2
`2
)
+
640
3
+
292pi2
45
+ 32pi
] [
1 +O
(m
`
)]
.
(69)
A possible parametrization of ∆Sτ (`) can be given by
a Pade´-type rational function multiplying some logarith-
mic terms. We adopt an analytic ansatz that is capable of
yielding the asymptotic behaviors of Eqs. (68) and (69)
and has a finite normalization,
∆Sτ (x = `/m)
∣∣∣∣
fit
=
α2sCFTF
16pi2
1
m
× x
5
(
a ln2
(
1 + x2
)
+ b ln
(
1 + x2
)
+ c
)
dx8 + ex7 + fx6 + gx4 + hx3 + jx2 + 1
. (70)
with a = 8d, b = −80d, c = 8/15 and d = 6/(2400 +
360pi+73pi2) fixed by requiring the correct asymptotic be-
havior. The remaining 5 parameters were obtained using
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a χ2-fit with the constraint of satisfying the correct nor-
malization corresponding to the massless analytic limit
given in Eq. (66). We get
e = 0.0117 , f = 0.100 , g = −0.502 ,
h = 0.747 , j = −0.180 . (71)
These fitted values correspond to a local minimum of the
χ2-function which has the feature that the relative error
of the fit function to the exact function does not exceed
3% anywhere, and is around 1% in the peak region, where
the bulk of the contribution arises. The exact and fitted
results together with the asymptotic expansions are dis-
played in Fig. 6.
The three components of the O(α2sCFTF ) massive
quark corrections to the renormalized thrust soft func-
tion, their sum and the massless limit are displayed to-
gether with the cumulants in Fig. 7 for µ = m as a
function of `/m and L/m, respectively. We see that the
phase space misalignment correction represents a rela-
tively small contribution.
VIII. RENORMALON SUBTRACTIONS WITH
SECONDARY MASSIVE PARTICLES
The complete soft function is a convolution of the par-
tonic soft function, describing perturbative corrections
at the soft scale, and the nonperturbative hadronic soft
function [11]. Using dimensional regularization and the
MS scheme for UV divergences entails that the interface
between perturbative and nonperturbative contributions
suffers from IR renormalon problems. These are related
to contributions from very small momenta entering in
the perturbative computations and lead to factorially en-
hanced coefficients of the high-order perturbation series
which can render the determination of the nonpertur-
bative parameters in the hadronic soft function unsta-
ble. In the gap formalism for the soft function [11, 24]
one can eliminate the renormalon problem for the lead-
ing O(ΛQCD) power correction that arises in the oper-
ator production expansion (OPE) of the soft function
for kl ∼ kr  ΛQCD. This is achieved through a per-
turbative subtraction that eliminates order-by-order the
leading power IR sensitivity of the partonic soft func-
tion. The name of the gap formalism arises from the fact
that the subtraction is physically related to the minimal
hadronic energy deposit ∆ ∼ ΛQCD in the two hemi-
spheres and can thus be implemented through a shift in
the momentum arguments kl and kr of the partonic soft
function. So the subtracted partonic soft function, which
is free of the O(ΛQCD) renormalon has the form [11]
Spart(kl − δ(R,µ), kr − δ(R,µ), µ) , (72)
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FIG. 7. Plots of the massive quark contributions to the thrust
soft function (upper panel) and its cumulant (lower panel) for
µ = m, normalized by the prefactor α2sCFTF /16pi
2. Sτ,virt,
Sτ,real and ∆Sτ denote the virtual, real radiation and phase
space misalignment contributions described in the text, Sτ,m
is their sum, i.e. the full massive contribution, and Sτ,0 is the
massless contribution. The corresponding descriptions also
hold for the cumulant terms.
where δ(R,µ) is a properly defined perturbative series.
A very convenient definition is [24]
δ(R,µ) =
ReγE
2
(
d
d ln(ixl)
+
d
d ln(ixr)
)
ln S˜part(xl, xr, µ)
∣∣∣
xl=xr=(iRe
γE )−1
, (73)
where S˜ is the configuration space partonic soft function
S˜part(xl, xr, µ) =
∫
dkl dkr Spart(kl, kr, µ) e
−iklxle−ikrxr .
(74)
The subtracted soft function in expression (72) must be
expanded out order-by-order in powers of the strong cou-
pling, and the definition in Eq. (73) ensures that the sub-
traction has the correct normalization and the proper
behavior at low as well as in higher orders in the pertur-
bation series. Renormalon-free soft functions based on
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the gap subtraction given in Eq. (73) for massless quarks
have been used in the event shape analyses [13, 14].
For the O(α2sCFTF ) massive quark corrections to the
partonic soft function the finite quark mass provides an
infrared cutoff for the virtuality of the exchanged gluon
such that the factorial growth of the coefficients at large
orders in perturbation theory is suppressed and, in prin-
ciple, a corresponding subtraction for the massive quark
corrections appears unnecessary. However, implementing
the gap scheme along the lines of Eqs. (72) and (73) is
useful also for the O(α2sCFTF ) massive quark corrections
in order to have a smooth interpolation of the gap scheme
parameters to the massless quark limit. This is in anal-
ogy to using the nf + 1 dynamical flavor scheme for the
renormalization group evolution of the strong coupling
for nf massless and one massive quark flavors for renor-
malization scales just above the quark mass. However,
for the gap-subtracted soft function in Eq. (72) the sub-
traction series δ will in general be mass-dependent since it
represents infrared-sensitive perturbative contributions.
We note that one can derive the gap subtraction also
directly from the thrust soft function since the Fourier
space partonic soft function is related to the double
hemisphere partonic soft function by the simple relation
S˜τ,part(x, µ) = S˜part(x, x, µ). So we have the identity
δ(R,µ) =
ReγE
2
d
d ln(ix)
[
ln S˜τ,part(x, µ)
]∣∣∣∣
x=(iReγE )−1
,
(75)
which we use to determine the gap subtraction in the
following.
Following the form of Eq. (61) we parametrize the gap
subtraction coming from the O(α2sCFTF ) massive quark
corrections in the form
δm(R,m, µ) =
α2s(µ)CFTF
(4pi)2
ReγE
×
[
hvirt(R,m, µ) + hreal(R,m) + h∆(R,m)
]
, (76)
where the three terms in the brackets arise from the
results for S
(g)
τ,virt, S
(g)
τ,real and ∆Sτ given in Eqs. (62),
(63) and (65). We emphasize that the results are given
within the scheme with nf + 1 dynamical quark flavors
(αs = α
(nf+1)
s ). We obtain (Lm = ln(m
2/µ2))
hvirt(R,m, µ) = − 16
3
Lmln
(
µ2
R2
)
− 8
3
L2m −
80
9
Lm − 224
27
,
(77)
and after some lengthy analytical calculation (z ≡
2m/(ReγE ))
hreal(R,m) =
16
3
G3,01,3
(
1
0, 0, 0
∣∣∣∣z24
)
− 160
9
K0(z)
+ z
[
160
9
K1(z)− 8pi
]
+ z2
[
− 16
27
K2(z)
+ 8pi(K0(z)L−1(z) +K1(z)L0(z))
]
+ z3
[
16
27
K1(z)− 8
27
pi
]
+ z4
8
27
pi
[
K0(z)L−1(z) +K1(z)L0(z)
]
, (78)
where Kn are Bessel functions. G
m,n
p,q and Ln denote
the less known Meijer G and Struve functions, for which
some explicit integral representations are provided in ap-
pendix B. The contribution from the phase space mis-
alignment correction can again not be given in closed
analytic form and, using Eqs. (30), (60) and (75), reads
h∆(R,m) = −1
2
(ReγE )−1
∫
dq−
∫
dk+
∫
dq+
∫
dk−
× θ(k− − k+) θ(q+ − q−) θ(k+k− −m2) θ(q+q− −m2)
× θ(k+ + k−) θ(q+ + q−)
[
(q− + k+) e−
q−+k+
ReγE
− θ(k− + q− − k+ − q+)(k+ + q+) e− k
++q+
ReγE
− θ(k+ + q+ − k− − q−) (k− + q−) e− k
−+q−
ReγE
]
× fm(k+, k−, q+, q−,m) . (79)
The results for hvirt(R,m, µ = R), hreal(R,m), h∆(R,m)
and their sum are shown in Fig. 8 as a function of
m/R and R/m. Note that the phase space misalign-
ment correction h∆(R,m) ∼ O(R6/m6) for R  m and
h∆(R,m) ∼ O(m/R) for R  m. We see that h∆,
which contains only the phase space contribution where
the quark and antiquark enter different hemispheres, is
very small. This is not unexpected since this phase space
configuration is related to larger gluon invariant masses
and therefore less sensitive to infrared renormalon-type
contributions than the phase space contributions in hvirt
and hreal. We also see that in the massless limit R/m 1
there are large cancellations between the virtual and real
radiation contributions in hvirt and hreal. This is related
to the fact that for the massive quark corrections to the
soft function real and virtual contributions each contain
mass-singularities, and the sum of both is needed to reach
the known massless limit (indicated by the black dotted
line),
hvirt(R,m, µ) + hreal(R,m)
m→0−→ h0(R,µ)
≡ 8
3
ln2
(
µ2
R2
)
+
80
9
ln
(
µ2
R2
)
+
8
9
pi2 +
224
27
. (80)
This result agrees with Ref. [24]. Including the first non-
vanishing correction to the massless limit we obtain for
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FIG. 8. Gap subtractions hvirt(R,m, µ = R), hreal(R,m) and
h∆(R,m) coming from the O(αsCFTF ) massive quark virtual
(red dashed line) and real (blue dotted-dashed line) contri-
butions to the gluon hemisphere soft function and from the
phase space misalignment correction (green wide-dashed line).
The black solid line hm(R,m, µ = R) denotes the sum of all
terms and the black dotted line h0(R,µ = R) the well known
massless limit. The virtual contributions fully determine the
m→∞ limit.
the whole renormalon subtraction10
δm(R,m, µ)
m→0−→ α
2
sCFTF
(4pi)2
ReγE
×
{
h0(R,µ)− 37.1m
R
+O
(
m2
R2
)}
.
(81)
The fact that a term linear in m/R arises is directly tied
to the existence of the O(ΛQCD) renormalon in the soft
function indicating a linear sensitivity to small momenta
[36–38]. For large masses the virtual contribution gives
the leading order behavior, while the real radiation con-
tribution decouples hreal(z  1) = 16
√
2piz−
5
2 e−z[1 −
10 The small mass expansion yields −8piz for hreal and ≈ −7.88z
for h∆ at linear order in z.
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8z +O
(
1
z2
)
], which leads to (Lm = ln(m
2/µ2))
δm(R,m, µ)
m→∞−→ α
2
sCFTF
(4pi)2
ReγE
[
hvirt(R,m, µ) +O
(
R6
m6
)]
=
α2sCFTF
(4pi)2
ReγE
[
−16
3
Lmln
(
µ2
R2
)
− 8
3
L2m −
80
9
Lm
− 224
27
+O
(
R6
m6
)]
. (82)
So the gap subtraction does not decouple by itself, in-
dicating that the evolution in R of the renormalon-free
gap parameter ∆¯ (which gives the scale-dependence of
the nonperturbative matrix element Ω1 in the leading
power corrections of the OPE for `  ΛQCD [11]) has a
decoupling relation when the evolution crosses the mass
threshold. This decoupling takes place simultaneously
when the massive quark is decoupled from the soft func-
tion as well as the strong coupling, see Refs. [21, 39].
Since hreal is cumbersome to evaluate in a numeri-
cal code and h∆ is not known analytically, we provide
a parametrization for δm(R,m, µ). We can write
δm(R,m, µ) =
α2sCFTF
(4pi)2
ReγE
[
8
3
ln2
(
µ2
R2
)
+
80
9
ln
(
µ2
R2
)]
+ δm(R/m) , (83)
where δm(R/m) = δm(R,m,R). A good parametrization
for δm(R/m) is provided by
δm(x = R/m) =
α2sCFTF
(4pi)2
ReγE
{[
−8
3
ln2x2 +
80
9
lnx2
− 224
27
](
1− e−α/xβ
)
+
[
224
27
+
8
9
pi2
]
e−γ/x
δ
}
, (84)
which implements already the correct asymptotic behav-
ior for small and large x. The four free parameters are
fixed by a χ2-fit giving
α = 3.01, β = 1.64, γ = 4.62, δ = 1.66 , (85)
which approximates the exact result to better than 1%
for arbitrary ratios R/m.
The O(α2sCFTF ) massive quark corrections to the gap
subtractions also give contributions to the evolution in
R of the subtracted gap parameter ∆¯, which is free of
the O(ΛQCD) renormalon. Recalling that the subtracted
gap parameter is related to the unsubtracted (and scale-
independent) gap parameter ∆ by the relation
∆ = ∆¯(R,m, µ) + δ(R,m, µ) , (86)
the R-evolution equation for the gap parameter ∆¯ for
µ = R can be written as
R
d
dR
∆¯(R,m,R) = −R d
dR
δ(R,m,R)
= −R
∞∑
n=0
γRn
(
αs(R)
4pi
)n+1
. (87)
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The terms in the R-evolution equation up to O(α2s) for
gluonic and massless quark corrections were determined
in Ref. [24]. The O(α2sCFTF ) massive quark contribu-
tions can be determined from Eq. (76) giving
γR1,m = γ
virt
1,m + γ
real
1,m + γ
∆
1,m , (88)
where
γvirt1,m = CFTF e
γE
{
−8
3
ln2
(
m2
R2
)
+
16
9
ln
(
m2
R2
)
+
256
27
}
,
(89)
γreal1,m = CFTF e
γE
{
16
3
G3,01,3
(
1
0, 0, 0
∣∣∣∣z24
)
+
32
9
K0(z)
− 32
27
zK1(z) +
32
27
z2K0(z) +
16pi
27
z3
−16pi
27
z4 [K1(z)L−2(z) +K2(z)L−1(z)]
}
. (90)
The term γ∆1 cannot be given in analytic form and has
to be computed numerically from Eq. (79). Its contri-
bution is, however, very small and might be insignificant
for practical applications. Alternatively, the O(α2sCFTF )
massive quark contributions to the R-evolution can be
determined from the parametrization in Eq. (83).
IX. CONCLUSIONS
In this paper we have completed the computation of
the partonic soft function for the double hemisphere mass
and thrust distribution in SCET at O(α2s) by provid-
ing the O(α2sCFTF ) corrections coming from secondary
massive quarks. This has been achieved by first con-
sidering a modified phase space such that dispersion
techniques could be applied allowing for a simple an-
alytic computation. Afterwards, the UV-finite phase
space misalignment corrections have been computed with
numerical methods. Based on the results in Ref. [22]
we have been able to use our massive quark results,
which provide a well controlled regularization of IR di-
vergences, to determine explicit results for the massless
quark O(α2sCFTFnf ) and the gluonic O(α2sCACF ) cor-
rections to the momentum space double hemisphere mass
soft function in terms of distributions. These expressions
have not yet been given in previous literature. Finally, to
remove the sensitivity on infrared scales we have calcu-
lated the renormalon subtractions for the massive quark
contributions in the gap formalism for the soft function
and provided the corresponding terms in the R-evolution
equation above the mass scale.
The results in this paper are an integral part of a N3LL
order description of e+e− event shape distributions re-
lated to hemisphere masses (and thrust) which account
for massive quark effects.
Appendix A: Computation of the cumulant for the
phase space misalignment correction for thrust
Here we give some details on a computation of the
phase space misalignment correction ∆Sτ (`,m) which
does not rely on the separate determination of the contri-
butions from the quark and gluon hemisphere prescrip-
tions in the phase space region where the two quarks
enter opposite hemispheres. We consider the cumulant
∆Sτ (L,m) =
∫ L
0
d`∆Sτ (`,m) , (A1)
which can be rearranged onto a single integration domain
using the relation
∫ L
0
d` θ(k− − k+) θ(q+ − q−) [δ(`− k+ − q−)
− θ(q+ + k+ − q− − k−) δ(`− k− − q−)
− θ(q− + k− − q+ − k+) δ(`− k+ − q+)]
= θ(k− − k+) θ(q+ − q−) θ(k+ + q+ − L) θ(k− + q− − L)
× θ(L− k+ − q−) . (A2)
After integration over the transverse momenta the cumu-
lant adopts the form
∆Sτ (L,m) = α
2
sCFTF
16pi2
L∫
0
dq−
L−q−∫
0
dk+
∞∫
L−k+
dq+
∞∫
L−q−
dk−
× θ(k+k− −m2) θ(q+q− −m2)fm(k+, k−, q+, q−,m)
(A3)
with fm(k, q,m) given in Eq. (31). Note that in the
massless case the on-shell constraint θ-functions can be
dropped and the integrations yield directly a constant
corresponding to Eq. (66). In order to unambiguously
determine the integration domains in the 4-dimensional
integral it is convenient to distinguish between 4 pa-
rameter regimes: L < m, m < L < (1 +
√
5)m/2,
(1 +
√
5)m/2 < L < 2m and 2m < L. We illustrate
the areas with different integration domains for the larger
momenta, q+ and k−, for each regime in Figs. 9a-d in the
plane of the smaller momenta q−, k+. One integration
can be performed analytically, the remaining ones can
be done numerically using the Cuba library [33]. Using
both deterministic as well as Monte-Carlo algorithms we
obtain the same result. Differentiating with respect to L
yields ∆Sτ (`,m).
We give a short outline for the calculation of the
asymptotic expansion of ∆Sτ (`,m) for large thrust mo-
menta. The asymptotic expansion is performed for each
area in Fig. 9d with cutoff regularization taking m2/L
Λ1  m Λ2  L. Area I is suppressed by m6/L6 and
thus irrelevant. For the computation of the areas II and
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k+ + q− = L
q−
k+
(a)L < m
m
L−m
L
m2/L
mL−m Lm2/L
m2
q− = L− k+
m2
k+
= L− q−
k+ + q− = L
q−
k+
(b)m < L < (1 +
√
5)m/2
m
L−m
L
m2/L
mL−m Lm2/L
m2
q− = L− k+
m2
k+
= L− q−
k+ + q− = L
q−
k+
(c)(1 +
√
5)m/2 < L < 2m
m
L−m
L
m2/L
m L−m Lm2/L
m2
q− = L− k+
m2
k+
= L− q−
k+ + q− = L
I
II
III
IV
q−
k+
(d)2m < L
FIG. 9. The integration areas for different parameter regimes. For L < m we have one single integration domain. For
m < L < (1 +
√
5)m/2 and (1 +
√
5)m/2 < L < 2m there are three domains, the regimes differ by the hierarchy between L−m
and m2/L. Finally, for L > 2m we have 4 areas, where the central one (IV) becomes dominating for large values of L.
III we obtain
∆S(II)τ (L,m) = ∆S(III)τ (L,m) =
α2sCFTF
16pi2
{
m2
L2
×
[
2 ln2
(
m2
L2
)
+ 12 ln
(
m2
L2
)
+ 12 +
8pi2
3
]
+O
(
m3
L3
)}
,
(A4)
The expansions in area IV are cumbersome. We have to
go to NLO and consider a large number of different scal-
ing regions with difficult integrations. Special care has to
be taken of the power counting for the computation with
several cutoffs separating the different regions. Further-
more, cancellations in the denominator appear at NLO
which require a special treatment for the hemisphere bor-
der region with q− ≈ q+ and k+ ≈ k−. The calculation
for area IV eventually yields
∆S(IV )τ (L,m) =
α2sCFTF
16pi2
{
−64
9
+
104pi2
27
− 64ζ(3)
3
− m
2
L2
[
8 ln2
(
m2
L2
)
+ 56 ln
(
m2
L2
)
+
296
3
+
386pi2
45
+ 16pi] +O
(
m3
L3
)}
. (A5)
Thus, the final result for the integrated soft function dif-
ference reads
∆Sτ (L,m) = α
2
sCFTF
16pi2
{
−64
9
+
104pi2
27
− 64ζ(3)
3
− m
2
L2
[
4 ln2
(
m2
L2
)
+ 32 ln
(
m2
L2
)
+
224
3
+
146pi2
45
+ 16pi] +O
(
m3
L3
)}
, (A6)
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which gives Eq. (69).
Appendix B: Integral representations of special
functions
Here we give explicit integral representations for
the Meijer G function G3,01,3 and Struve functions Ln
(n < −1/2) used by Mathematica and appearing in
Eqs. (78), (90). For z > 0 they read
G3,01,3
(
1
0, 0, 0
∣∣∣∣z24
)
= 4
∫ ∞
1
dt
t
K0(zt) , (B1)
Ln = I−n(z)− 2
1−nzn√
pi Γ
(
n+ 12
) ∫ ∞
0
dt
(
t2 + 1
)n− 12 sin(tz) ,
(B2)
where Kn and In indicate the better known Bessel func-
tions. Computing the integral in Eq. (B1) numerically
is faster and more stable than evaluating G3,01,3 directly
in Mathematica (in particular for large vales of the argu-
ment). See also [40] for further information about these
functions.
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